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INTRODUCTION
The thermal agitation movement in a reactor core is
adequately represented by the microscopic cross-section of the
neutron-nucleus interaction through the Doppler Broadening
Function [1]. The general formalism that describes these
reactions is already consolidated and well understood from the
physical point of view, with the nuclei velocities in a nuclear
reactor usually given by the Maxwell-Boltzmann Distribution
[2]:
𝑓(𝑉, 𝑇) = (

𝑀
2𝜋𝑘𝐵 𝑇

)

3/2

𝑒

𝑀𝑉2
2𝑘𝐵 𝑇

−

,

(1)

where 𝑇 is the absolute temperature, 𝑀 is the target nucleus
⃗ it’s velocity and 𝑘𝐵 is the so–called Boltzmann
mass, 𝑉
constant.
In this paper, we will consider a nuclei velocity
distribution that may be able to describe situations in thermal
non-equilibrium, which can operate with thermodynamic
configurations other than the current ones, such as temperature,
pressure, and volume ranges. The Maxwell-Boltzmann
Distribution is obtained from the product of probabilities,
independent of the velocity components of the particles (in the
case of target nucleus) which may not be valid in certain
situations and that would affect reaction rates in the reactor
core, deviating from the exponential behaviour in equation (1).
Despite the fact that the Maxwell-Boltzmann
distribution describes the velocity distribution on the cores of
nuclear reactors so well, new velocity distributions for the
target nuclei in nuclear cores and their consequences in the
Doppler Broadening Phenomenon have been under
investigation, towards a new generation of reactors in which
such quasi-Maxwellian velocity distributions are more
adequate. Additionally, the effect of relaxing one of the BethePlackzec approximations in the deduction of this new Doppler
Broadening Function makes an additional term appears
naturally.
Amongst so many velocity distribution functions as
described in the literature, the Kaniadakis statistics [3] will be
considered to study the effects of Doppler Broadening on a
thermal non-equilibrium system. The Kaniadakis statistics is
widely used in different areas of knowledge such as the
statistics of cosmic rays, defect turbulence, optical lattices,
hydrodynamic turbulence, scattering processes in particle

physics, gravitationally interacting systems, and Hamiltonian
systems with long-range interactions and metastable states.
The Kaniadakis distribution, also known as κ
distribution, is based on a Boltzmann’s H-theorem
generalization, with an explicit functional dependency of a κ
parameter that measures the deviation in relation to the
Gaussian behaviour of the system. Formally, the κ-distribution
is written as:
𝑓{κ} (𝑉, 𝑇) = 𝐴(κ)𝑒𝑥𝑝{κ} (−

𝑀𝑉 2
2𝑘𝐵 𝑇

),

(2)

where
𝐴(κ) = (

|κ|𝑀 𝑛/2
𝜋𝑘𝐵 𝑇

)

1

Γ(1/2|κ|+𝑛/4)

2

Γ(1/2|κ|−𝑛/4)

(1 + 𝑛|κ|)

,

(3)

𝑛 is the system’s dimension and the κ-exponential is defined
by:
1/𝜅

𝑒𝑥𝑝{κ} (𝑧) = (√1 + 𝜅 2 𝑧 2 + 𝜅𝑧)

,

(4)

The κ-parameter is such that |𝜅| < 2/𝑛, and if the
limit 𝜅 → 0 in equation (2) is taken, it reproduces the standard
Maxwell-Boltzmann distribution as well as in the same limit,
equation (4) is reduced to the usual exponential function. In the
next section a brief review of the Doppler Broadening Function
considering a Maxwell-Boltzmann distribution of target nuclei
speed will be presented.
THE CONVENTIONAL
FUNCTION

DOPPLER

BROADENING

The expressions for the cross-section of radioactive
capture near any isolated resonance with an energy peak from
the Breit–Wigner formalism [4] is written by:
𝐸

1
2

𝜎𝛾
̅̅̅(𝐸,
𝑇) = 𝜎𝑜 ( 0) Ψ(𝑥, 𝜉),

(5)

𝐸

where,
Ψ(𝑥, 𝜉) =

+∞
𝜉
𝑑𝑦
𝑣(𝑥)−𝑣𝑟 (𝑦)
{𝑒𝑥𝑝 [−
]
∫2
2
2√𝜋 −Γ𝐸0𝐶𝑀 1+𝑦 2
2𝑣𝑡ℎ

−𝑒𝑥𝑝 [−

𝑣(𝑥)+𝑣𝑟 (𝑦)
2
2𝑣𝑡ℎ

]},

+

(6)

is the so-called Doppler Broadening Function, and the
following are defined:
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𝑦 = (𝐸𝐶𝑀 − 𝐸0𝐶𝑀 ),

(7)

𝑥 = (𝐸 − 𝐸0𝐶𝑀 ),

(8)

Γ
2
Γ

Γ

𝜉=

Γ𝐷

,

(9)

where 𝐸 is the incident neutron energy, 𝐸𝐶𝑀 is the two body
system’s energy, 𝐸0𝐶𝑀 is the energy where the resonance
occurs, both in the centre-of-mass coordinates, Γ is the total
width of the resonance as measured in lab coordinates,
Γ𝐷 = √4𝐸𝑘𝐵 𝑇/𝐴, where 𝐴 is the target nucleus mass number,
is the Doppler width of resonance,→ is the neutron velocity,
𝑣

→=→ − → is the relative velocity between the neutron and
𝑣𝑟

𝑣

𝑉

nucleus movement, being 𝑣 and 𝑣𝑟 , respectively, their modules
and 𝑣𝑡ℎ = √𝑘𝐵 𝑇/𝐴 is the scale parameter of the distribution.
The Doppler Broadening Function as written in equation (6), in
addition to having no analytical solution, presents a very
complicated form. Thus, the possibility of making some
approximations becomes very useful. To manage this problem,
Bethe and Plackzec, in dealing with the resonance effects in
nuclear processes and in particular the Doppler Broadening
function, suggested some approximations for energies near the
resonant peak [5]. These approximations are:
1) The second exponential in equation (6) is neglected, that
is, it is considered that [𝑣(𝑥) + 𝑣𝑟 (𝑦)]2 >> [𝑣(𝑥) −
𝑣𝑟 (𝑦)]2 ;
2)

Based on the fact that the ratio between the energy of
neutron incidence and the practical width is large, it is
possible to extend the lower integration limit of the
remaining integral to −∞;

3) being 𝐸𝐶𝑀 the energy of the system in the centre-of-mass
system and 𝐸 the energy of the incident neutron, the
following relation is always met:
1/2

𝐸𝐶𝑀 = 𝐸1/2 (1 +

𝐸𝐶𝑀−𝐸 1/2

)

𝐸

≈ 𝐸1/2 (1 +

𝐸𝐶𝑀−𝐸
2𝐸

),

𝜉

+∞ 𝑑𝑦

∫
2√𝜋 −∞

1+𝑦 2

𝜉2

𝑒− 4

(𝑥−𝑦)2

,

DOPPLER

(11)

In this paper, it will be considered the Kaniadaks
Doppler Broadening Function [6] in the case that the first of the
Bethe and Plackzec approximations is not taken into account.
That is, the Maxwell-Boltzmann velocity distribution given by
equation (1) will be replaced by the Kaniadakis one, given by
equation (2), and the first Bethe and Plackzec approximation
will not be considered.

BROADENING

The functional form of the Doppler Broadening
Function originates in two distinct formalisms, one of them
from the quantum mechanics, through the single level
formulation proposed by Briet and Wigner, and another in the
statistical mechanics, that considers the agitation movement of
the nuclei inside the reactor obeying the Maxwell-Boltzmann
statistics, given by equation (1). Thus, in the present paper, the
way of understanding the quantum mechanics of the system
will be maintained, changing only the statistical distribution of
velocities, considering the quasi-Maxwellian distribution
known as Kaniadakis distribution. In this context, the
Kaniadakis Doppler broadening Function can be written as [6]:
Ψ{𝜅} (𝑥, 𝜉) =

+∞

𝜉
2√𝜋

𝑑𝑦

𝐵(𝜅) ∫−2𝐸

2
Γ 0𝐶𝑀 1+𝑦

{𝑖𝑒𝑥𝑝{𝜅} [−

−𝑖𝑒𝑥𝑝{𝜅} [−

𝑣(𝑥)−𝑣𝑟 (𝑦)
2
2𝑣𝑡ℎ

]+

𝑣(𝑥)+𝑣𝑟 (𝑦)
2
2𝑣𝑡ℎ

]} , (12)

where 𝐵(𝜅) is defined as:
3

Γ(1/2|κ|+3/4)

2

Γ(1/2|κ|−3/4)

𝐵(𝜅) = (2|𝜅|)3/2 (1 + |𝜅|)

,

(13)

and the function 𝑖𝑒𝑥𝑝{𝜅} is defined by:
𝑖𝑒𝑥𝑝{κ} (𝑥) = (

𝜅 2 𝑥−√𝜅 2 𝑥 2 +1
𝜅 2 −1

) 𝑒𝑥𝑝{κ} (𝑥)

(14)

For a heavy nucleus, the following approximation for
the reduced mass of the system is valid:
𝜇=

2
𝐴𝑚𝑛

𝐴𝑚𝑛 +𝑚𝑛

=

𝑚𝑛
1+1/𝐴

≈ 𝑚𝑛 ,

(15)

where 𝑚𝑛 is the neutron mass. From equations (10) and (15), it
is possible to write:

(10)

With these approaches taken on equation (6), only the
first integral remains, and the conventional Doppler
Broadening Function, well established in the literature, is
obtained [1]:
Ψ(𝑥, 𝜉) ≈ 𝜓(𝑥, 𝜉) =

THE
KANIADAKIS
FUNCTION

𝑣𝑟 (𝑥) =

𝑣𝑟2 (𝑥)+𝑣 2 (𝑦)

.

2𝑣(𝑦)

(16)

In order to obtain the enlarged Doppler Broadening function,
we will consider only the last two Bethe-Plackzec
approximations, in the same way it as in [7] for the usual
Doppler Broadening function.
By using equation (16), the arguments of the
functions in equation (12) becomes:
𝑣(𝑥)−𝑣𝑟 (𝑦)
2
2𝑣𝑡ℎ

𝑣(𝑥)+𝑣𝑟 (𝑦)
2
2𝑣𝑡ℎ

=

=
𝜉2
𝐴

𝜉2
4

(

(𝑥 − 𝑦)2 ,

3𝑥+𝑦
2

+

4𝐸0
Γ

(17)
2

) .

(18)

Finally, with equations (17) and (18), equation (12)
can be written as:
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𝐸
𝑎
(𝑥, 𝜉) = 𝜓{𝜅} (𝑥, 𝜉) − 𝜓{𝜅}
(𝑥, 𝜉),
Ψ{𝜅} (𝑥, 𝜉) ≈ 𝜓{𝜅}

(19)

where,
𝜓{𝜅} (𝑥, 𝜉) =

𝜉
2√𝜋

+∞ 𝑑𝑦

𝐵(𝜅) ∫−∞

1+𝑦 2

𝑖𝑒𝑥𝑝{𝜅} [−

𝜉2
4

𝜉
2√𝜋

+∞ 𝑑𝑦

𝐵(𝜅) ∫−∞

1+𝑦 2

𝑖𝑒𝑥𝑝{𝜅} [−

𝑏−𝑎

𝜉 2 3𝑥+𝑦
𝐴

𝑏

(𝑥 − 𝑦)2 ] , (20)

is the Kaniadakis Doppler Broadening Function, as can be
𝑎
(𝑥, 𝜉) is the additional term, given by:
found in [6], and 𝜓{𝜅}
𝑎
(𝑥, 𝜉) =
𝜓{𝜅}

for the integrals in equations (20) and (21). This method
basically consists of approximating a defined integral
according to the expression:

(

2

+

4𝐸0 2
Γ

) ].
(21)

𝐸
(𝑥, 𝜉) is the enlarged Kaniadakis
The function denoted by 𝜓{𝜅}
Doppler Broadening Function. It can be noted that, unlike the
Kaniadakis Doppler broadening function 𝜓{𝜅} (𝑥, 𝜉) where all
parameters of the nuclear resonance to be studied are contained
in the variable 𝜉 , equation (21) explicitly shows in its
functional form, 𝐴, Γ, and 𝐸0 . In the next section, the results
obtained will be reported.

RESULTS

2

∫𝑎 𝑓(𝑥)𝑑𝑥 =
∑𝑁
𝑖=1 𝜔𝑖 𝑓 (

𝑏−𝑎

𝑏−𝑎
2

2

1

∫−1 𝑓 (

𝑥+

𝑏−𝑎
2

𝑏−𝑎
2

𝑥+

𝑏−𝑎
2

) 𝑑𝑥 ≈

),

(22)

where 𝑁 is the order of the quadrature, 𝑥𝑖 is the point of
quadrature, and 𝜔𝑖 is the weight function corresponding to the
point of quadrature. The Gauss-Legendre quadrature points are
the roots of the Legendre polynomial in the interval [−1, 1]. In
this paper a 150 order method was implemented to generate the
data for the construction of the tables present in this section.
Tables 1, 2 and 3 shows, respectively, the results
𝑎
𝐸
(𝑥, 𝜉) and 𝜓{𝜅}
(𝑥, 𝜉) by fixing
obtained for the functions 𝜓{𝜅}
κ = 0.1, 0.4 and 0.6 considering the first resonance of the 238U
isotope 𝐸0 = 6.674 𝑒𝑉.
The % deviation is calculated by the following
expression:
% = 100 × |

𝐸 (𝑥,𝜉)−𝜓 (𝑥,𝜉)
𝜓{𝜅}
{𝜅}

𝑎 (𝑥,𝜉)
𝜓{𝜅}

𝐸 (𝑥,𝜉)
𝜓{𝜅}

𝐸 (𝑥,𝜉)
𝜓{𝜅}

| = 100 × |

|.

(23)

In this section the results obtained by considering the
𝑎
(𝑥, 𝜉) will be reported. The results were
additional term 𝜓{𝜅}
obtained by using the Gauss-Legendre quadrature method [8]
𝑎
𝐸
(𝑥, 𝜉) and 𝜓{𝜅}
(𝑥, 𝜉) ranging 𝑥 and 𝜉 and fixing 𝜅 = 0.1, considering the first resonance of the
TABLE 1. Functions 𝜓{𝜅}
isotope 𝐸0 = 6.674 𝑒𝑉.

238U

𝑎
𝐸
(𝑥, 𝜉) and 𝜓{𝜅}
(𝑥, 𝜉) ranging 𝑥 and 𝜉 and fixing 𝜅 = 0.4, considering the first resonance of the
TABLE 2. Functions 𝜓{𝜅}
isotope 𝐸0 = 6.674 𝑒𝑉.

238

𝑎
𝐸
(𝑥, 𝜉) and 𝜓{𝜅}
(𝑥, 𝜉) ranging 𝑥 and 𝜉 and fixing 𝜅 = 0.6, considering the first resonance of the
TABLE 3. Functions 𝜓{𝜅}
isotope 𝐸0 = 6.674 𝑒𝑉.

238
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From the results summarized in the tables 1 to 3 it is
possible to conclude that the influence of the additional term
ψa{κ} (x, ξ) can not be neglected if 𝜉 < 0.05. Also, as the 𝜅parameter is increased, the influence of the additional term
𝜓 𝑎 (𝑥, 𝜉) is emphasized. This statement can be justified by the
fact that, as 𝜅 increases, the limit for which 𝜉 can not be
neglected also increases.
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