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Small letters are used for the functions of time t, whereas
capital letters are used for the functions of frequency .

INTRODUCTION
This work introduces a novel methodology to
calculate the cross power spectral density for detectors
operating in pulse mode. In this operation mode, the
output of the digital acquisition system consists of the
timestamps of neutrons interactions (e.g. captures times).
These timestamps data have been processed by MATLAB
scripts to construct arrays that contain the number of
neutron counts over time bins. The results of this process
are (approximately) equivalent to those from detectors
operating in current mode. In current mode, detectors
measure the neutron counts over time bins. The first part
of this work summarizes the analytical and numerical
frameworks to calculate the cross power spectral density.
The second part discusses the conversion of the detector
output data from timestamps to counts per time bin and
shows the results obtained from the KUCA facility
experimental data.
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In Eq. 2, 𝜔𝑚 is the angular repetition frequency
defined in Eq. 3.
𝜔𝑚 ≡

2𝜋𝑚
𝑡𝑟

(3)

The neutron population as a function of frequency is
given by Eq. 4. The neutron population is averaged over
the whole core due to the point kinetics assumption.
𝑁(𝑗𝜔) = 𝐺(𝑗𝜔)𝑆(𝑗𝜔) =

ANALYTICAL FRAMEWORK

+∞

It is assumed that a subcritical assembly is driven by
an external pulsed neutron source operating in pulsed
mode and that the pulse duration is small (e.g. from 5 to
100 s) relative to the pulse repetition period tr (e.g. from
10 to 50 ms). In addition, the assembly can be analyzed
using the point kinetics approximation, delayed neutrons
are at equilibrium during the detectors counting, and the
detectors counting is an ergotic process. The latter
assumption implies that the statistics of the counting rate
of the detector does not change with time if the
acquisition time of the detector signal is long enough (e.g.
10 accelerator pulses).
Within the above assumptions, the external neutron
source as a function of time is given by Eq. 1 [1,2].
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In Eq. 4, 0 is the prompt neutron decay constant
(associated to the fundamental mode of the subcritical
assembly), and G(j) is the zero-power reactor transfer
function [3] on the frequency domain. The neutron
population on the time domain is given by inverse Fourier
transform of 𝑁(𝑗𝜔), as shown in Eq. 5.
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In Eq. 1, s0 is the number of neutron released per
pulse, m is an integer index, and  is the Dirac delta
function. The source as a function of frequency is given
by the Fourier transform of Eq. 1, as shown in Eq. 2.

Within this analytical framework, the crosscorrelation function 𝜑(𝑡1 , 𝑡2 ) is defined as the ensemble
average of two separate detectors counts, ca(t1) and cb(𝑡2 ),
as shown in Eq. 6. In Eq. 6, ca(ta) and cb(𝑡𝑏 ) are the
average neutron counts at times ta and tb of detectors a
and b, respectively. These detectors counts are averaged
over a small arbitrary time bin dt.
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5]. Assuming that the detectors counts are sampled over
M (arbitrary) time bins, the circular correlation function
𝑅𝑎𝑏 is given by Eq. 11.

𝜑(𝑡1 , 𝑡2 ) ≡
(6)
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In Eq. 6, it is assumed that 𝑡2 > 𝑡1 . For an ergotic
process, Eq. 6 can be simplified to Eq. 7, by introducing
the variable , defined as t2-t1 (Eq. 8).
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In Eq. 11, 𝑐𝑎 (𝑡𝑘 ) are the neutron counts of detector a
within an arbitrary time bin ∆𝑡 starting at time 𝑡𝑘 . The
real and imaginary parts of the cross power spectral
density can be calculated using Eqs. 12 and 13,
respectively.
𝑀−1

𝑅𝑒{Φ(𝜔𝑘 } = 2 ∑ (𝑅𝑎𝑏 (𝑛) + 𝑅𝑏𝑎 (𝑛)) cos (
𝑛=0

𝜏 ≡ 𝑡2 − 𝑡1

(9)

In Eq. 9, v is the neutron velocity and Σ𝑓 id the
fission macroscopic cross section. It is assumed that once
detector a counts a neutron from a fission chain, the
detector b can eventually count -1 neutrons from the
same (correlated) fission chain and  neutrons from other
(uncorrelated) fission chains (with being the number of
fission neutrons per fission event).
The cross power spectral density Φ(𝜔) is defined as
the cross-correlation function on the frequency domain.
Within this analytical framework, Yamamoto [5]
derived to the final formula for the cross power spectral
density, written in Eq. 10.
Φ(𝜔) = 𝜀𝑎 𝜀𝑏 𝜆𝑓
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(12)
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For an ergotic process, the cross-correlation function
is a function of only . It is assumed that the detectors
counts c are proportional to the fission frequency f, the
neutron population n, and the detector efficiency , as
shown in Eq. 9 for the detector a (an equal equation
applies for the detector b).
𝑐𝑎 (𝑡) ≅ 𝜆𝑓 𝑛(𝑡)𝜀𝑎 = vΣ𝑓 𝑛(𝑡)𝜀𝑎

2𝜋𝑘𝑛
)
𝑀

10)
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In Eq. 10, the brackets operator indicates the average
over all fission events, the first term on the right-hand side
relates to correlated fission chains, the third term on the
right-hand side relates to uncorrelated fission chains, and
the second term relates to correlated neutrons from a
spallation event.
NUMERICAL FRAMEWORK
The numerical framework to calculate the cross
power spectral density is illustrated in detail in Refs. [4,

𝑀−1

2𝜋𝑘𝑛
𝐼𝑚{Φ(𝜔𝑘 } = 2 ∑ (𝑅𝑏𝑎 (𝑛) − 𝑅𝑎𝑏 (𝑛)) sin (
)
𝑀
𝑛=0

(13)

In Eqs. 12 and 13, the integer index k extends from 0
to M/2 and 𝜔𝑘 is defined in Eq. 14.
𝜔𝑘 ≡

2𝜋𝑘
;
∆𝑡𝑀

𝑘 ∈ {1,2, … ,

𝑀
}
2

(14)

It is assumed that the term ∆𝑡𝑀 appearing in Eq. 14
is much larger (e.g. 10 times) than the pulse repetition
period 𝑡𝑟 appearing in Eq. 3. If only the fundamental
mode existed, the imaginary part of the cross power
spectral density would be zero.
CALCULATION OF THE CROSS POWER
SPECTRAL
DENSITY
FOR
DETECTORS
OPERATING IN PULSE MODE
Usually, detectors operate in current or pulse mode.
In current mode, detectors measure the current induced by
many ionization processes. In pulse mode, detectors
measure the voltage induced by a single ionization
process. For the current mode, the application of Eq. 11 is
straightforward since the detectors counts are already
averaged over the time bin ∆𝑡 set by the digital
acquisition system. In other words, the output of the
digital acquisition system (when the detector operates in
current mode) is the average neutron count over a time
bin ∆𝑡. When detectors operate in pulse mode, the output
of the digital acquisition system consists of the
timestamps (e.g. the exact time when a neutron is
captured) from each ionization process. The ionization
process comes from neutron interaction with the detector
material (e.g. B-10, He-3, or U-235). Consequently, when
the detector operates in pulse mode, the detector counts
must be converted from the “timestamps” format to
“average” format. For a subcritical assembly driven by a
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accomplished by the following steps:
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This post processing methodology is more flexible than
the one applied by Kitamura et al. [6] since in this work
the arbitrary time bin ∆𝑡 and the arbitrary number of
pulses for the construction of Rab and Rba can be changed.
In contrast, the methodology of Kitamura et al. [6] is
much less flexible since the change of the above arbitrary
parameters (after the measurements are taken from the
digital acquisition system) is not possible.
Figure 1 shows the arrays ca and cb, which account
for the neutron counts in 10 accelerator pulses. These
neutron counts refer to the KUCA configuration discussed
in Ref. [7]. Figure 2 displays the circular correlation
functions Rab and Rba constructed using Eq. 11 using the
arrays ca and cb. In all parameters illustrated in Figs. 1 and
2, it is clearly visible that the accelerator pulses are
delivered every 50 ms, which correspond to 500 units of
the arrays.

1) two arrays of 5,000 units are initialized to zero; the
two arrays account for the neutron captures from 10
accelerator pulses (500 units per accelerator pulse) in
detectors a and b separately (one array is ca and the
other is cb);
2) each unit of the array represents the sum of neutron
counts in a time interval ∆𝑡 equal to the pulse
repetition period tr (e.g. 50 ms) divided by 500 (with
500 being an arbitrary large integer);
3) all the timestamps of the neutron captures in detectors
a and b are read from the output file of the digital
acquisition system and the two arrays are separately
updated for detectors a and b to construct ca and cb.

T=50 ms - 12,000 Pulses - M=5000 -  t=0.1 ms
2500

Neutron Counts in  t Time Interval for 12,000 Pulses

Once the arrays ca and cb are constructed, the
application of Eqs. 11 to 14 is straightforward and the
retrieval of the prompt neutron decay constant is
performed by a fitting process as discussed in detail in
literature [1,2,5].
The first attempt to use timestamps for the
construction of the auto power spectral density (which is
defined when ca and cb come from a single detector
instead of two separate detectors) has been performed by
Kitamura et al. [6]. However, that methodology was
implemented by programming the digital acquisition
system, whereas the current work is based on MATLAB
scripts without any modification of the digital acquisition
system.
Finally, the cross power spectral density results
obtained by detectors operating in current mode may
differ from those obtained by detectors operating in pulse
mode. This difference arises because, in current mode, the
detector is not subjected to the dead-time effect; whereas,
in pulse mode, some neutron counts are lost due to the
dead-time effect. When the count rate is low (e.g. below
10,000 counts per second for a stationary source), deadtime effects are negligible.
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2000

1500

1000

500

0

0

500

1500

2000

2500 3000
n index

3500

4000

4500

5000

Fig. 1. Neutron counts arrays ca and cb.
T=50 ms - 12,000 Pulses - M=5000 -  t=0.1 ms
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The methodology discussed in the previous Sections,
has been applied to the experimental results (in this work
no neutron transport simulation has been performed)
obtained from the KUCA facility of Japan [7,8]. The
experimental data consist of timestamps recording the
start of an accelerator pulse, the neutron captures in the
BF3 detector located at position U10, and the neutron
captures in the fiber detector. In this experiment the pulse
repetition period tr is equal to 50 ms and the length of the
experiment is approximately 12,000 accelerator pulses.
The arrays ca (neutron counts in the BF3 detector located
at position U10) and cb (neutron counts in the fiber
detector) have each 5,000 units and account for the all
neutron counts in 10 pulses. More precisely the MATLAB
script processing of the experimental data distributed all
the neutron counts from 12,000 pulses to only 10 pulses.
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Fig. 2. Circular correlation functions 𝑅𝑎𝑏 and 𝑅𝑏𝑎 .
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The real and imaginary parts of the cross power
spectral density are illustrated in Fig. 3. The peaks of the
real part relate to uncorrelated fission chains and allow to
calculate the prompt neutron decay constant [1], as shown
in Fig. 4. The fitting function to calculate the prompt
neutron decay constant is given in Eq. 15.
𝑅𝑒{Φ(𝜔)} ≅

𝛼02

𝐴
+ 𝜔2

CONCLUSIONS
The value of the prompt neutron decay constant
obtained from the cross power spectral density applied to
the KUCA experimental data from detector operating in
pulse mode is 958 1/s. This value is in good agreement
with the one obtained from the slope of the neutron counts
as a function of time for the BF3 detector located at
position U10 (964 1/s).
The non-zero imaginary part of the spectral neutron
density indicates that higher order modes (in addition to
the fundamental one) contribute to the neutron flux in the
detectors. However, measuring the prompt neutron decay
constant from two detectors located in different positions
attenuates the special effects arising from the
subcriticality of the experimental facility [9,10]. In
addition, using two detectors eliminates the white
noise (that is present in the auto power spectral density
with only one detector).
The methodology presented in this work allows to
change the arbitrary time bin ∆𝑡 and the arbitrary number
of pulses for the construction of circular correlation
function after (not before and only once [6])
measurements are taken.

(15)

In Eq. 15, A is a constant given by the fitting
procedure (which also gives 0).
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