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INTRODUCTION
The Monte Carlo criticality calculation has gained
popularity recently due to the rapid growth of the
computational abilities. The Monte Carlo criticality
simulation is accurate by using the exact geometry and
continuous energy. However, the traditional Monte Carlo
calculation requires very high computational costs to
achieve a desired tally uncertainty for the detailed full core
power distribution calculations. In addition, the source
convergence is another problem of the traditional Monte
Carlo calculation. It can be hard to tell when the source
converges because of the slow convergence. Moreover, the
traditional Monte Carlo calculation is only able to calculate
the fundamental eigenvector and eigenvalue of the system.
To solve the problems, the fission matrix method [1] has
been introduced as an acceleration method of the
traditional Monte Carlo criticality calculation.
The RAPID code (Real-time Analysis for Particletransport and in-situ Detection) which originally designed
for spent fuel pool criticality problem [2]–[4] has been
applied on reactor physics problems [5]. The RAPID code
is based on a fission matrix combination method [6] (which
has recently been used in other work [7], [8]) and is able to
rapidly solve the criticality problems. It accomplishes this
by pre-calculating a small portion of the full fission matrix
under a variety of conditions, and combining these to
estimate a fine-scale, full-core fission matrix. However, the
fission matrix combination method introduces errors
especially with a large material enrichment discontinuity
(e.g. neighboring assembly enrichment). To reduce the
errors, a ratio correction method [9] has been proposed
based on the original fission matrix combination method.
The ratio correction fission matrix method has been tested
on a two assembly model varying only in one dimension.
In this paper, the method will be extended to a fourassembly model varying in two dimensions. It includes
techniques and an assumption to estimate the correction
ratios. Similarly, the ratio correction method can be applied
to the whole core calculations based on the techniques
introduced in the four-assembly model, which is the
ultimate goal of this work.
RATIO CORRECTION DESCRIPTION
The criticality problem can be expressed in fission
matrix form as

𝐹⃗ =

1
∙ 𝑨 ∙ 𝐹⃗
𝑘

(1)

Where ⃗𝐹⃗ is the source distribution and 𝑘 is the
multiplication factor. The fission matrix elements 𝑨𝑖𝑗
represent the number of fission neutrons born in cell 𝑖 per
source neutron from cell 𝑗. From Equation (1), it can be
inferred that the fundamental eigenvalue of the fission
matrix 𝑨 equals to the multiplication factor and the
fundamental eigenvector represents the source distribution
of the system.
The original fission matrix combination method
assumes the neutron production in cell 𝑗 with the inducing
neutron from cell 𝑖 depends only on the property of cell 𝑗.
It implies that the fission matrix element 𝑨𝑖𝑗 does not
change if the enrichment of the cell 𝑗 stays the same. In
this way, if a fission matrix is calculated independently for
two models with different enrichments, then the true
fission matrix for a mixed enrichment model can be
estimated with the combination of the two original fission
matrices.
However, the assumption in the original fission
matrix combination method introduces errors at the
material discontinuity due to the different flux spectrum.
To reduce the errors, the ratio correction method has been
proposed. That is, the original combined fission matrix is
multiplied by a diagonal ratio correction matrix. It serves
to multiply each row in the original combined fission
matrix by a constant ratio. In a two assembly model, the
pin-wise ratios have been proved to be linearly dependent
on the enrichment of the other assembly [9]. It implies that
the correction ratios can be interpolated with a ratio curve,
which saves the Monte Carlo calculations to derive the
ratios. However, if an assembly is surrounded by several
different enrichment assemblies, the ratios cannot be
directly interpolated by a ratio curve from any assembly.
This paper will demonstrate techniques to estimate the
ratios in an assembly surrounded by different assemblies.
NUMERICAL MODEL
The numerical model used is a 2-D 2 × 2 assembly
section of the BEAVRS hot-zero-power benchmark [10],
where each assembly has a uniform enrichment as
presented in Fig. 1. Each assembly consists of 17× 17 cells
with 264 fuel pins and 25 guide tubes.
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(d)

Fig. 1. The four-assembly numerical model.
There are three enrichment variations in the model
including 1.6 𝑤𝑡% 235𝑈 /𝑈𝑡𝑜𝑡𝑎𝑙 , (red), 2.4 𝑤𝑡% 235𝑈 /
𝑈𝑡𝑜𝑡𝑎𝑙 (yellow) and 3.1 𝑤𝑡% 235𝑈 /𝑈𝑡𝑜𝑡𝑎𝑙 (blue). For
simplicity, only fresh fuels are considered in current work.
The moderator is water at 0.74 𝑔/𝑐𝑚3 with 975 ppm
boron. There are 20 burnable absorber rods in the
3.1 𝑤𝑡% 235𝑈 /𝑈𝑡𝑜𝑡𝑎𝑙 enriched assembly and 16 burnable
absorber rods in the 2.4 𝑤𝑡% 235𝑈 /𝑈𝑡𝑜𝑡𝑎𝑙 enriched
assembly. The periodic boundary conditions are used. The
dimensions of the assembly model are summarized in
Table I. The materials and dimensions are identical to the
BEAVRS benchmark.
TABLE I. Dimensions of the assembly model
Parameter
Value [cm]
Fuel Rod Pitch
1.25984
Fuel Rod Inner Diameter
0.78436
Fuel Rod Outer Diameter
0.91440
Guide Tube Inner Diameter
1.12268
Guide Tube Outer Diameter
1.20396

Fig. 2. The models to prove ratio multiplication technique.
In order to estimate the ratios in (d), it is proposed to
multiply the ratios from (b) and (c) in order to get the
combined effect of the two (i.e. 𝑅𝑑 (𝑥, 𝑦) = 𝑅𝑏 (𝑥, 𝑦) ×
𝑅𝐶 (𝑥, 𝑦).
The real ratios and the multiplied ratios in the bottom
left assembly and the relative errors between them are
shown in Fig. 3. The highest relative error is 0.29%. It
proves that the real ratios can be estimated by multiplying
the ratios independently calculated from each surrounding
assembly. Moreover, the burnable absorber rods are
assumed to have no effects on the ratios.

RATIO DERIVATION
A technique to estimate the ratios in an assembly
surrounded by different assemblies will be demonstrated.
As shown in Fig. 2, four different models have been
simulated by Serpent 2 [11]. The four models have the
same material properties and dimensions as the above
numerical model except that no burnable absorber rods are
used for any assembly. A uniform source is applied on the
models with fission production turned off, and the fission
neutron production is tallied in each pin.
The pin-wise ratios are calculated in the bottom left
assembly for each of the cases (b)-(d), as follows:
𝑅𝑏 (𝑥, 𝑦) =

𝑓𝑏 (𝑥, 𝑦)
𝑓𝑎 (𝑥, 𝑦)

(a) The real ratios.

(b) The multiplied ratios.

(2)

Where 𝑓𝑏 (𝑥, 𝑦) is the fission rate in pin (𝑥, 𝑦) for the
model (b). The ratios for case (a) would all be equal to one.

(c) The relative errors.
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Fig. 3. The relative errors between multiplication ratios and
real ratios.
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wise relative errors for the original fission matrix
combination method is 8.86%, compared to 2.52% for the
ratio correction fission matrix method.

RESULTS
The fission matrix combination method and the ratio
correction fission matrix method are applied on the fourassembly model shown in Fig. 1. The fission matrices are
calculated with the “fmtx” option for each of the three
assembly types (using a separate model where all four
assemblies in the 2 × 2 model are the same) and the
periodic boundary are used for all the simulations. The
Serpent 2 criticality neutron source distribution is taken as
a reference. For the reference, 4000000 particles are used
per cycle with 200 active cycles and 100 inactive cycles.
For the ratio correction method, the ratios are interpolated
from the ratio curves. In this work, in order to derive the
ratio curves from the adjacent and the diagonal assembly,
the bottom right and the top right assembly are of
3.1 𝑤𝑡% 235𝑈/𝑈𝑡𝑜𝑡𝑎𝑙 (blue) enrichment separately with all
the other assemblies 1.6 𝑤𝑡% 235𝑈 /𝑈𝑡𝑜𝑡𝑎𝑙 (red) enriched
as shown in Fig. 4. With such ratio curves, only the ratios
from 2.4 𝑤𝑡% 235𝑈 /𝑈𝑡𝑜𝑡𝑎𝑙 enrichment assembly are
interpolated.

(a)
(b)
(c)
Fig. 4. The models to calculate the ratio curves.
The ratios in the bottom left assembly are calculated
and the ratio curves from the top right (diagonal) assembly
are derived from (b) and (a), the ratio curves from the
bottom right (adjacent) assembly are derived from (c) and
(a). Because of the geometric symmetry, the ratio curves
from the top left assembly can also be calculated from (c)
and (a). Therefore, three Monte Carlo calculations are
needed to derive the ratio curves. There are six Monte
Carlo calculations in total to build the ratio correction
fission matrix including the other three to build the
fundamental fission matrices. It has been proved that the
ratio curves are almost independent of the enrichment of
the assembly on which the ratios are applied [9]. Therefore,
the two ratio curves are used for all the four assemblies to
calculate the ratios regardless of the assembly type.
In Fig. 5, the pin-wise source distribution of the
numerical model is presented as well as the pin-wise
relative errors of the fission matrix methods. The root mean
square of the true source tally uncertainty is 0.11%. It can
be observed that the ratio correction method has greatly
reduce the relative errors. The root mean square of the pin-

(a) True source distribution.

(b) Relative errors of the original fission matrix
combination method.

(c) Relative errors of the ratio correction fission
matrix method.
Fig. 5. True source distribution and the relative errors of
the fission matrix methods.
In addition to the source distribution, the multiplication
factors are calculated with the Serpent 2, the original
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fission matrix combination method (Original FM) and the
ratio correction fission matrix method (Ratio FM). The
multiplication factors, their difference and the Serpent
calculation uncertainty are listed in Table II. The ratio
correction fission matrix method also improves the
accuracy of the k-eff calculation.
TABLE II. The multiplication factors with uncertainties
and their difference with reference
Serpent 2
Original FM
Ratio FM
k-eigenvalue

1.00067

0.99745

0.99920

k difference

-

-322 pcm

-147 pcm

uncertainty

4 pcm

-

-

CONCLUSIONS
The techniques to apply the ratio correction fission matrix
method to the four-assembly model have been proposed. It
has been shown that the ratios in an assembly 𝑚 with
different surrounding assemblies can be calculated by
multiplying the ratios from each surrounding assembly
independently. The ratios from each surrounding assembly
can be linearly interpolated based on the assembly
enrichment. Moreover, it is proved to be a valid assumption
that the burnable absorber rods do not affect the ratios. The
ratio correction fission matrix method has reported a more
accurate source distribution and multiplication factor than
the original fission matrix combination method. Therefore,
the ratio multiplication and the assumption can be applied
on the whole core ratio correction fission matrix
calculations.
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